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INVARIANT FOLIATIONS NEAR NORMALLY HYPERBOLIC
INVARIANT MANIFOLDS FOR SEMIFLOWS

PETER W. BATES, KENING LU, AND CHONGCHUN ZENG

ABSTRACT. Let M be a compact C'! manifold which is invariant and normally
hyperbolic with respect to a C! semiflow in a Banach space. Then in an
e-neighborhood of M there exist local C' center-stable and center-unstable
manifolds We(e) and W% (¢), respectively. Here we show that W¢s(¢) and
We(e) may each be decomposed into the disjoint union of C' submanifolds
(leaves) in such a way that the semiflow takes leaves into leaves of the same
collection. Furthermore, each leaf intersects M in a single point which deter-
mines the asymptotic behavior of all points of that leaf in either forward or
backward time.

1. INTRODUCTION

This paper, which is a sequel to [BLZI], is devoted to the existence of stable and
unstable invariant foliations for a semiflow in a Banach space. We consider a C*
semiflow defined on a Banach space X; that is, it is continuous on [0,00) x X, and
for eacht > 0,7": X — X is C', and

T' o T(x) =T (x)

for all t,s > 0 and z € X. A typical example is the solution operator for a differen-
tial equation. In [BLZI] we proved that a compact normally hyperbolic invariant
manifold M persists under small C! perturbations in the semiflow. We also showed
that in an e neighborhood of M, there exist a center-stable manifold W (¢) and a
center-unstable manifold W (e) which intersect in the manifold M. The purpose
of this paper is to show that the center-stable manifold W¢(¢) may be decomposed
into an invariant foliation with stable leaves, while the center-unstable manifold
We*(e) may be decomposed into an invariant foliation with unstable leaves. These
fibers or leaves give qualitative properties of the semiflow near M.
As an example, let us consider a linear system in R™+"

u = Au, u e R™,
v = Buv, v e R,
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with Recg(A) > v > Reo(B), where A and B are matrices, 0(A) and o(B) are the
spectra of A and B, with Re denoting the real parts and v € R is a constant. For
a given ug € R™ after ¢ > 0 the n-dimensional submanifold

Wy = {(u,v) tu = ug,v € R"}
is carried by the flow to a new submanifold
Wy = {(u,v) cu = etug,v € R”}.
Moreover, if both (u1,v1) and (ug,v2) lie in Wy (i.e. ug = uz = ug), then
l[(etur, ePtor) — (eAug, ePlug)|| = O(e), ast — +oo0,

while a trajectory starting at a point not in Wy departs from a trajectory starting in
Wy more rapidly than Ce?t, as t — +o0o. Thus, we are able to group points in R”™*"
into equivalence classes according to their asymptotic behavior as t — 400, and in
this case each asymptotic class is a submanifold v = constant. These submanifolds
form a pseudo-stable foliation of R™*™. In general, the foliation will not consist of
affine subspaces but can be thought of as perturbations of this case.

Invariant foliations with invariant manifolds have become a fundamental tool to
study the qualitative properties of a flow or semiflow nearby invariant sets. They
are extremely useful in that they can be used to track the asymptotic behavior of
solutions and to provide coordinates in which systems of differential equations may
be decoupled and normal forms derived.

In the study of the dynamics near an equilibrium or a periodic orbit, invariant
manifolds and foliations serve as a convenient setting to describe the qualitative be-
havior of the local flows. In many cases they are useful tools for technical estimates
which facilitate the study of the local bifurcation diagram (see, for example, [CLi|).
Several other important concepts in dynamical systems are closely related to in-
variant manifolds and foliations. In finite dimensional space, the relations among
invariant manifolds, invariant foliations, the A-lemma, linearization and homoclinic
bifurcation have been studied in [D1]. In [BDL], invariant foliations are used to
produce smooth conjugacy of flows on different center manifolds. Kirchgraber and
Palmer [KP] have recently given detailed results on invariant foliations and their
applications to C° linearizations for finite dimensional systems. Very recently, de
la Llave |LI] studied nonresonant invariant foliations for diffeomorphisms.

In [HPS] and [FT1], [F2] and [E3], invariant foliations of the stable and unstable
manifolds of a normally hyperbolic invariant manifold were obtained and some of
their uses demonstrated. Since then, the applications of this theory to problems
from science and engineering have flourished, especially, applications to singular
perturbation problems, (see, for example, [D2], [G], [GS], [HW], [1d], [1K], [KW],
[Ci], [Sz] and [T€]). Recently, Jones [Id] has given a clear discussion of the use of
Fenichel’s theorems as they apply to singular perturbation problems. He includes
proofs of these theorems and important extensions of the A-lemma (see also [JK]).

In the infinite dimensional setting, Li, McLaughlin, Shatah and Wiggins [LMSW]|
obtained invariant foliations of center-stable and center-unstable manifolds of per-
turbations of a circle of stationary solutions for a nonlinear Schrédinger equation.
These foliations were used in tracking trajectories and completing a shooting ar-
gument to discover homoclinic orbits. In [LW], Li and Wiggins obtained invariant
foliations of overflowing manifolds for a C” (r > 2) group S* in a Hilbert space.
They did this by using the method of Hadamard’s graph transform. They also
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applied these results to the nonlinear Schrédinger equation to recover the results
of [LMSW].

Ruelle [Ru] proved a result giving invariant stable and unstable fibrations almost
everywhere on a compact invariant set for a semiflow in a Hilbert space. It was
assumed that the linearized time-t map is compact and injective with dense range.
The results are therefore applicable to some parabolic PDE’s. Mané [Mn| extended
Ruelle’s results to semiflows in Banach space.

Considering the semiflow generated by a parabolic equation, Lu [Lul] con-
structed infinitely many invariant manifolds as perturbations of eigenspaces of the
operator obtained by linearizing at an equilibrium point. With these and corre-
sponding invariant foliations, a new coordinate system was constructed in a neigh-
borhood of the equilibrium point. This facilitated a proof of a Hartman-Grobman
theorem for scalar parabolic PDE’s, which yields that the flow near a hyperbolic
equilibrium point is structurally stable. In [BI] a more general theorem on the
existence of invariant foliations was proved. This theorem was then used to ob-
tain a Hartman-Grobman result for both the phase-field system and the Cahn-
Hilliard equation. In [En2], a Hartman-Grobman theorem for periodic orbits of
time-periodic scalar parabolic PDE’s is obtained by using invariant manifolds, in-
variant foliations and the Floquet theory obtained in [CLM]. The previously men-
tioned papers are concerned with dynamics in a neighborhood of an equilibrium or
periodic orbit but Chow, Lin and Lu [CLL] proved a general result giving a stable
fiber at each point of an inertial manifold, thereby giving a more global invariant
foliation of infinite dimensional space.

Recently, Aulbach and Garay [AG] used invariant foliations to study partial lin-
earization for noninvertible mappings near fixed points. Chen, Hale and Tan [CHT]
considered a C'! semiflow, in a Banach space X, with the linear part having an in-
variant splitting of X into pseudo-stable and pseudo-unstable invariant subspaces.
This allowed them to prove the existence of a C'! pseudo-unstable invariant man-
ifold with a C! invariant foliation of X based on the manifold, thus giving some
extension of the results in [CLL].

In this paper we start with a normally hyperbolic compact invariant manifold,
M, for a semiflow and construct invariant foliations of the stable and the unstable
manifold of M. What makes our analysis difficult is that we not only lack an
inverse for the time-t map but we also lack a Cartesian coordinate system around
our invariant manifold since the normal bundle is not assumed to be trivial.

We organize this paper as follows: in Section 2 we state our main results; in
Section 3 we collect some basic lemmas from [BLZI]; in Section 4, we construct
Lipschitz stable foliations and study their basic properties; in Section 5 we prove the
smoothness of the stable foliations; in Section 6, we describe how, with appropriate
modifications to our methods, the results of the previous sections carry over to
unstable foliations.

2. MAIN RESULTS

Let X be a Banach space with norm | - | and let T* be a C' semiflow defined on
X; that is, it is continuous on [0,00) x X, and for each t > 0,7% : X — X is C1,
and T' o T%(z) = T () for all t,s > 0 and = € X.

Let M C X be a C? compact connected invariant manifold, i.e., T*(M) C M
for each t > 0. M is said to be normally hyperbolic if the tangent bundle of X
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restricted to M splits into three continuous subbundles
TXy=X®X"® X%,
where X ¢ is the tangent bundle of M, such that
(i) This splitting is invariant under the linearized semiflow, DT*.

(i) DT*|x« expands and does so to a greater degree than does DT*|x. while
DT'|xs contracts and does so to a greater degree than does DT xe.

214

The superscripts ¢, u and s stand for “center,” “unstable,” and “stable.”

To be more specific, let X¢,, X, and X7, denote the fibers of the vector bundles
X¢ X" and X* at m € M, respectively. To say that the splitting is invariant under
the linearized semiflow we mean

(H1) For each m € M and t > 0, if m1 = T*(m), then
DT"(m) |xe : X3 — X% fora=c,u,s

and DT*(m)|x» is an isomorphism from X onto X .
The expanding and contracting condition (ii) means
(H2) There exists tg > 0 and A < 1 such that for all ¢ > ¢ty and m € M,

(2.1) )\inf{‘DTt(m):c“‘ cxt e X, |2t =1} > max {1, ]| DT*(m) ‘an

I}

?

(2.2) Amin {1,inf {| DT*(m)z°| : 2° € X, |a°| =1} } > | DT (m) | x:,

where || - || is the usual linear operator norm.

Thus, fibers X¢,, X and X, are distinguished by the growth and decay rates
of the flow, much as one sees with an exponential trichotomy.

We define the direct sum of bundles in the usual way, e.g.,

X' X ={(m,a" +2°): 2% € X} and z° € X, ,m € M}.
For € > 0 we shall use the notation
X%e) ={(m,z) : 2z € Xgp,m e M,|z%| <€}, a=cu, and s,
and
X"e)® X°(e) = {(myz" +2%) : a® € X}, 2° € XJ,,m e M, |z¥] < e |z°| <€},

the latter of which may be identified with a tubular neighborhood of M. The
mapping which does thisis © : X“®X*® — X defined by O(m, z%+z°) = m+ax¥+x°.
For m € M we shall also use projections, II, associated with the decomposition
of X = X7 & X ® X, for a=c,u, and s. We assume
(H3) The mapping from M C X — L£(X), the continuous linear operators on X,
defined by m — II2, is C! for a = ¢, u, and s.

Remark. If | - |xa is defined by |(m,x)|xe = |z| with |- | the norm in X, then
the continuity in m of the above mapping gives the bundle X¢ a so-called Finsler
structure.

In a forthcoming book [BLZ2|, we remove the assumption on the smoothness of
the bundles; that is, (H3) can be removed and the assumption that the manifold
M is C? can be relaxed to require only C'. The technical argument needed for this
generalization is lengthy and does little to illuminate the main result, therefore, it
is not included here.

We first quote a lemma from [BLZI| (Lemma 4.3)
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Lemma 2.1. For small € >0, ©(X"(¢) ® X*(e)) is a tubular neighborhood of M.

We summarize some of the main results obtained in [BLZ1], which are needed
in this paper, and state them as the following:

Theorem A. Let t; > tg. For each small € > 0, T* has a unique C* center-stable
manifold W (e) and a center-unstable manifold W< (e€) in the tubular neighborhood
O(X"(e) ® X*(€)). These have the following properties:

(1) M =We(e) NW(e). For each m € M, the tangent spaces at m are
T, We(e) = X5 & X, and TruWe(e) = X% & XE;

(2) T'We(e) N O(X“(e) ® X*(e)) C We(e). T'W(e) converges to M as
t — 400, and

s Wes(e) = {x €O(XU(e) @ X*(e)) : TF1z € O(X"(e) & X*(e))
. for all k > 0};

(3) T™ (Wes(e)) C Wes(e);
(4) T - Wer(e)n(TH )~ (W (e)) — W (e) is a diffeomorphism. If we define
T~ on W€“(€) in this way, then T~*W°(e) converges to M ast — oo and

We(e) :{x € O(X"(e)® X%(€)) : forall k>0, there exists
(2.4) yr € O(X"(e) ® X*(€)) satisfying T yy, = :c}

Remark. (2) implies that W (e€) consists of all points in the tubular neighborhood
whose forward orbits stay in the tubular neighborhood and approach M and (4)
implies that W (€) consists of all points in the tubular neighborhood whose back-
ward orbits exist and stay in the tubular neighborhood and approach M, where the
backward orbits are defined by the preimages.

The proof of the existence of the two invariant manifolds is different. To obtain
Wet we apply T? to Lipschitz graphs over the bundle X*“ and, essentially, find
it is a contraction on the space of Lipschitz graphs. To obtain W€ the natural
inclination is to reverse time and apply the preceeding argument. This is not
possible, however, since we only have a semiflow. Normal hyperbolicity allows us
to overcome this difficulty and we can show that for any Lipschitz graph, g, over
X, there is a Lipschitz graph § such that 7! maps § into g. This mapping, which
assigns ¢ to any given g, is a contraction whose fixed point is W€,

Note that We*(¢) and W (¢) are invariant manifolds for the map 7% and also
for the semiflow T in some sense. The properties above give some information
about the asymptotic behavior of the semiflow T in the tubular neighborhood of
M. The behavior on W (e) and W (e) is particularly important. On We(e),
the motion is basically along two directions: The center direction and the stable
direction. Along the stable direction the semiflow just decays exponentially. Thus,
the motion along the center direction determines the asymptotic behavior. For each
x € W¢(e), we shall find a unique m € M so that T%(z) and T?(m) have the same
asymptotic behavior at an exponential rate. In this way, W<(¢e) can be decomposed
as the disjoint union of submanifolds according to the asymptotic behavior; these
manifolds being indexed by points of M. Similar statements hold for W< (e). The
following are the main results of this paper:
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Theorem 2.2. For small € > 0 there exists a unique family of C' submanifolds
{Wgi(e) : me M} of We(e) satisfying:
(1) For each m € M, M NW35(e) = {m}, the tangent space T, W3:i(e) = X},
and W23 (e) varies continuously with respect to m on M.
(2) If my, mg € M, my # ma, then W35 (e) N WSS (€) = 0 and W(e) =

UmEM Wrsns(e)
(3) Forme M, T (Wii(e)) C Wik, ().

(4) For allm € M andt >0, T*(W;?(€)) NO(X“(e) ® X*()) C W3k, ()
(5) For x € W22(e) and m # m1 € M, we have % — 0 ezponen-
tially as t — +o00.
(6) For x,y € WS(e), [T (x) — T'(y)| — 0 exponentially as t — +oc.
For the invariant foliation of W into unstable fibers, we have
Theorem 2.3. For small e > 0 there exists a family of C* submanifolds {W2"(¢) :
m € M} of W (e) satisfying:
(1) For eachm € M, MNW¥(e) = {m}, T,y W}"(e) = X}, and W' (¢) varies
continuously with respect to m on M.
(2) If mi, my € M, my # ma, then W (e) N Wi (e) = 0 and W (e) =

Umen Wi (€)-
(3) For allm € M, T : Wit(e) N (")~ (W, (€) — Wit () (€) is a
diffeomorphism.

(4) For x € W (e), if T'(z) € ©(X"(e) & X*(e)) for all 0 < t < t, for some
ta, then T*(z) € Wi, (€) for all 0 <t < ts.

(5) For x € W (e) and m # my € M, we have % — 0 expo-
nentially as t — 400.

(6) For z,y € WY“(e), we have |T~*(z) — T *(y)| — O exponentially as t —
+00.

We shall call each submanifold W;3*(e) a stable fiber and W% (¢) an unstable
fiber. The stable foliation is the decomposition of W (¢) into the disjoint union of
the stable fibers, and similarly the unstable foliation is the decomposition of W% (e)
into the disjoint union of the unstable fibers.

3. BASIC LEMMAS

In this section we review some basic lemmas including a lemma on cone invariance
and results relating three coordinate systems which were introduced in [BLZT].

The following lemma summarizes Lemmas 4.1, 4.2, and 4.3 from [BLZ1|, which
give fundamental properties of the vector bundles X for o = u, s, c.

Lemma 3.1. The following statements hold:

(i) For mi,mq € M, X3, is isomorphic to X% for a =u,s,c;
(i) X for a =u,s,c, is a C' bundle;
(iii) There exists € > 0 such that © is a C* diffeomorphism from X“(e) ® X*(e)

onto a neighborhood of M.
We recall the concept of an n-neighborhood of a point mg € M.

Definition. For my € M and 7 € (0, 1), a neighborhood U of mg in X is said to
be an 7-neighborhood if |11, —II%, || < n for all mi,my € UN M, for a = ¢, u,
and s.
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Let n < v/2—1 and m € V,, N M, where V,, is an n-neighborhood of m, then we
have the following estimates for the projections

(3.1) [e| > (1= mn)lzl,
for z € X7 and

<1 and (T ) 7l < 1=

Let €1 > 0 be sufficiently small. For my € M, let B(my,r) be the ball centered at
mg of radius 7, where 7 is chosen so that this is an -neighborhood with n < v/2—1.
In fact, by compactness of M, r can be chosen to be independent of mg. Next we
recall three coordinate systems introduced in [BLZI1]. We express each point in
a tubular neighborhood in terms of three coordinate systems as follows. For each
point € ©(X"(e)®X*(e)), Lemma 3.1 (iii) gives the first coordinates (m,z" 4 z*)
€ X%e1) @ X*(e1), where x = m + 2% + 2®. The advantage of this coordinate
system is that it is global in a neighborhood of M, but the disadvantage is that the
coordinate spaces vary with the base point m. For my € M such that m € B(mg,r),
since X = XJ @© X & Xy, , there is a unique % +7° + ¢ € X}, © X & X,
such that

(3.2) [T,

X«

m

m+z" +2° =mg+z“+2° + I

giving a Cartesian coordinate system in a neighborhood of mgy. The advantage of
this system is that the coordinate spaces do not depend on the base point m, which
plays a crucial role in proving the existence and smoothness of invariant foliations.
If we trivialize the bundle near mg, we have the third coordinate system modified
from the first one. From (3.2) we find there exists a unique 2" 4 7* € X%, @ X5
such that

m+ " + 2% =m+ I 2% + 117, 2°.

This defines the third coordinate system (m, ", Z*%).

We now consider the relationships between these coordinate systems. We still
denote the ball with center 0 and radius € in X% by X% (e). Take two points
(mg, xf +27) € Xy, (e1) ® X, (€1) with m; € B(mo,r)N M, i = 1,2. Then we have
the three representations

m; +xy +
= mo + T + T + I
(3.3) =m; + I, & + 115, 2%,

where ¢ € X7, a =wu,s,¢, If € X, , o = u,s.

The next result, which is Lemma 4.5 in [BLZI], estimates how the coordinates
differ from each other.

Lemma 3.2.

2] — @5 — (m1 — ma)|
(34) S 061|m1 —m2|+C|mi —m0|(|j11‘ —i‘g|+|f‘i —f;D
and

|2y — 25 — (27 — 23)|

(35) S 061|m1 —m2|+C|mi —m0|(|j1f —i‘g|+|fi —sz
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fori=1,2,a = u,s, where C is a positive constant which depends only on the
projections.

In the remainder of this paper, we shall use C' as a generic constant depending
only on the projections and the time-t; map T for a fixed t; > to.

We shall confine our study to the tubular neighborhood © (X™“(e)® X*(¢)) of M.
For (mo,zf§ + xj) € X"(e) ® X*(¢), and for p > 0, define the cones and truncated
cones

Ku(mo—l—:cg—f—:cf),u):{mo—i—xg—i—:cf)—f—x“—i—xs—i—xc :

€ X, for a =u,s, and ¢, ulz"| > (|z°] + |9cg|)}7

Ku(mo + x§ + xg, 1, €) = {mo—l—mg—l—mg—l—x“—l—xs—i—xc

€ Ky(mo + xy + a5, 1) : |z%| < € for @ = u, s, and c},

Kcu(mo—i—xg—i—xg,u):{mo—f—xg—l—xg—i—x“—i—xs—i—xc :

z* € X, for a =u,s, and ¢, p(|z"| + |2°]) > |xs|},

Kcu(mo—i—xg—i—xg,u,e):{mo—f—xg—f—:cf)—i—:c“—f—xs—i—xc
€ Keuw(mo + x5 + 25, 1) : |2%] < € for a = u, s, and c}.

Then we have the following cone invariance, which follows from Lemma 5.5 in
[BLZ1].

Lemma 3.3. For any Ay € (\, 1) and p > 0, there exists €* such that if € < €*,
then for any x € ©(X“(e) ® X*(¢)) with T (z) € O(X“(e) ® X*(¢)) we have

Tthu(J), Hs 6) - Ku(Ttl (J)), /\1M)
and
T Ko, 1y €) C Koo (T (2), M1pt)-

The compactness of M allows us to establish the following, found as Lemma 2.1
in [BLZI].

Lemma 3.4. For anyt > 0, Tt is a diffeomorphism from M to M.

The next lemma follows from the normal hyperbolicity condition. It appears as
Lemma 8.2 in [BLZIT].

Lemma 3.5. There exists € > 0 such that for ¢ < € if v = m + 2% +2° €
O(X"“(e) ® X*(e)), then the following estimates hold:

@ | (numDwanX%)j | <A
(i) || (1% DT" ()] xs ) |/[|T1G, DT ()

Xe, < )‘;
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-1
xg,) |5, DT (2) <A,

m

(iii) | (115, DT (x)

where m is given by T (x) = m + T% + T°.

s
X’"L

Let €y € (0,7/2) be fixed such that © (X" (eo)®X*(eo)) is a tubular neighborhood
of M. From Lemma 5.4 in [BLZ1] we have

Lemma 3.6. For e; € (0,€), there exists a positive constant € such that if € <

€*, then for all (m,z" + 2°) € X%(e) ® X*5(€) (the bar means closure) and &% €
X2 (3e), a0 = u, s, ¢,

m+ x4+ 2° + 3"+ 3%+ 2° € O(X"(e1) ® X*(e1))
and

T (m+a" +2° + 3" +3° +2°) € O(X"(e1) ® X°(e1)).

4. EXISTENCE OF LIPSCHITZ INVARIANT STABLE FOLIATION

In this section, we establish the existence of an invariant foliation (we call it a
stable foliation) of W (e) for the time-t; map T"*'. Later, we prove that this stable
foliation is invariant for the semiflow T".

We first define a stable fiber through = m + 2" 4+ 2° € O(X"(¢e) ® X*(¢)).
Consider a map associated with x

fo 2 X5(3¢) = X5 () © X7 (e).

Here, we choose € > 0 small enough so that ©(X"“(4e) ® X*(4e)) is a tubular
neighborhood of M.

Definition. f, : X3 (3¢) — XY (e) ® X, (¢) is called a stable fiber at x of Lipschitz
constant g if

(i) fz (0) =0,
(ii) fz(+) is Lipschitz continuous with Lipschitz constant u; that is,

Lf(y7) = fwa)| < wlyi —ws| for yi, y5 € X, (3¢€),

where the norm in the direct sum of spaces is defined to be the sum of the norms.
For brevity, we just call f, a stable fiber.

We denote the graph of f, by
graph(f;) = {x +y° + fo(y®): y' e X‘fn(Se)}.

In the remainder of this paper, we shall fix u € (0, %)
Next, we define a space of families of stable fibers in which we shall construct
an invariant foliation of W (¢). Define

e = {F = {fx}xem : fz is a stable fiber and
f(y®) is uniformly continuous in x € Wcs(e)}.

We shall call f, the fiber (or leaf) of F' at 2. The uniform continuity of the fibers
fz in x will be defined precisely, later.
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The main theorem in this section is

Theorem 4.1. There exists € > 0 such that for ¢ < €*,W¢(e) has a unique
imwvariant foliation given by

we = (J Wi
meM
where W25(e) = graph(fm) N W (€) satisfying:
(1) fm is a stable fiber.

) W2i(e) is continuous in m € M.
3) Wi (e)NWie (€) = @ for mi,ma € M, my # mso.
) Forme M, T" (Wii(e)) C Wii, (m) (€)-

) Forallm e M andt >0, T" (W3 (e)) NO(X"“(e) & X*(e)) C Wi, (€).

)

T (z)=T" (m)]|
T (z)=T*(m1)]

ot

For x € W52(e) and m # my € M, we have
tially as t — +o0.
(7) For x,y € WSi(e), |[T(x) — T'(y)| — 0 exponentially as t — +oc.

— 0 exponen-

The proof of this theorem is based on the following propositions and lemmas.

Proposition 4.2. There exists € > 0 such that for 0 < e < € and any F € I'??,
there exists a unique F € I'#% such that each fiber of F is mapped into a fiber of
F by T"; that is, given any x1 = my + a2} + a5 € W(e) and any yi € X, (3¢),
there exists a unique y5 € X, (3€), such that

(4.1) T (21 4+ 95 + o, (1)) = 22+ 45 + fun (3),
where ma and xo are given by T' (z1) = 1o = ma + x4 + 5.

This will be proved through a sequence of lemmas.
Throughout this section, for z1 = my + a{ + 25 € ©(X*“(€) ® X*(¢)), we denote
T (x1) by xo and write xg = T (x1) = mo + x¥ + 5.

Lemma 4.3. There ezists € > 0 such that if 0 < € < €*, then for all x1 €
O(X (€)@ X*(e)) with T (z1) € O(X"(e) ® X*(€)), y5 € X33, (3€) and stable fiber
Jzo, there exists a unique yi' +y§ € X (e) ® X, (e) such that

(4.2) T (21 +yi + i’ + v1) € graph(fs,).
Proof. For x1 = mi+ay+zi € ©O(X"(e)®X*(e)) with T" (z1) € O(X*“(e)®X*(e)),
we write zo = T (1) as

xo =T"(21) = mo + 24 + 5,
where 2§ € X (€) for a = u, s. For any y* +y° € m @ X¢ (€), we write
(4.3) T' o1 +y" +yi +y°) =22+ 7" +5° +5°

where y* € X for a = u, s, c.

It is enough to prove that there is a unique y" +y° € X} (e) ® X, (€) such
that §* + §° = fz,(7°). To find such y* + y°, we consider a map A = A" + A° from
X (€) ® Xy, (e) to X, @ X, defined by

-1
A (y" +y°) = (HZQDT“ (ma) x) " —9") +y"



INVARIANT FOLIATIONS 4651

and
-1
AC(y" + y°) = (HmeTtl (m1)|xyg”) (G —9°) +y°,

where g% + §° = fz,(¥°).

We claim that A is a contraction on X% (€) © Xg, (€).

We first prove that A is well defined. Note that DT" (m;) : X% — X%_ and
DT"(my) : X, — X&- have bounded inverses from hypothesis (H2) where M7 =
T' (my). From Lemma 3 5, by choosing ¢* small enough, both II% DT" (m1)|X;¢L1

and II¢, DT (my)| xg,, have bounded inverses.
Applying the projection IT}, to (4.3) we have
y® =105, (T (z1 + y* + 45 + %) — 22).
Using the Taylor expansion of T (z1 +y“+y; +y°) and hypothesis (H2), we obtain
5] = 5, (T7 (my + 2 + 25 + g + 5 + ) = T8 (ma + 2§ +23) )|
< |5, DT (ma) (y" + 1 + ) + O(e)ly™ + yi + 1]
< |15, DT (ma)yi| + O(e)ly™ + v7 + v
< Alyrl+ O(O)]y" + 7 + |
(4.4) < (BA+0(e))e < 3e

provided that €* is sufficiently small. Here 0 < A < 1 is used. Hence, A is well
defined.

Next we show that A : X¥ (e) © X5, () — X, © X, is a contraction. For
yi + i vz +ys € X, (6) © X7 (6). We write

(4.5) T (x1 +yi +yi + ) =z2 + Ui + 75 + 05
and set
(4.6) Ui+ 05 = faa (U5)

for i = 1,2. Note that from (4.4), |77| < 3e.
Let £(7) = (1 = 7)(yi +yf) +7(y3 +y5) + o1 +yj for 0< 7 < 1.
For a = u, ¢, compute

—1
(M., DT (m1)xs, ) (8~ 37)

= (3,07 )z, ) I, DT () (5 — o8+ 85 — i)
@47 = —ui) +0()(lyz — vl + lvz — yil)-
In order to show that A is a contraction, we also need to estimate
55 -3 = | [ DT ()08 — ot + 45 ~ v
(4.8) < O(e)(lyz — y1| + [z —wil)-
From (4.6), by using (4.8), we obtain

(4.9) 192 — 97 + 192 — 92l < O(e)(|yz — yi'l + Iy — wil)-
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Thus, from (4.7) and (4.9) we have
[ Ay +y2) = Ayt +y1)

|(H“ DT" (mq)|xu ) =5 +y1) +yz — vt

(105, DT (), )55 — 55— 95 + 1) + 5 — v

(4.10) < O(&)(lyz — yi'l + lv5 — vil)-
Here Lemmas 3.4 and 3.5 are used to get a bound for ||(II%,, DT™ (m1)]xg, )~ 1| for
« = u,c. This shows that A is a contraction by choosing €* sufficiently small. To
complete the proof, we show that A maps X% () ® Xg, (€) into X} (€) ® XJ, (€).
We first estimate A(0). Again using (4.5), we have
(4.11) ge =102 (T (21 4+ y3) — T (71))
for a = u, s, c.

For o = u, ¢ we estimate

97| = |15, (T (21 + 1) = T (1))
O(e)lyrl-

We also estimate
|5°] = [T, (T* (z1 + y7) = T** (21))]
< IDT* (ma)|xy, Mllyil + O(e)lyil-

Hence, from (4.6) we obtain

5]+ 15 < (uIlDT" (m1)xe,, | + O(O)) 3],
Thus, for a = u, ¢, we have
-1
(T, DT (1) x5, ) 5 = 5°)]
< (ul(DT tm)lxg, ) DT (), 1+ O(6) )

< (uA+0(e)) lyi]
(4.12) < (3pA + 0(e))e

where Lemmas 3.4 and 3.5 are used.
Hence, for a = u,c,

|A%(0)] < (3uA + O(e))e.
For any y* +y° € X% (e) ® X, (€), from (4.10) it follows that for a = u,c,
[A%(y" +y°)| < [A%(y" +y°) — A%(0)] + [A%(0)]
< (BuA+0(e))e<e
provided that €* is sufficiently small since 0 < p < % and 0 < A < 1. This proves the
claim that A is a contraction from XY (e) ® X¢, (€) into X (e) ® X, (¢). By the

contraction mapping theorem, A has a unique fixed point yi'+y{ € X}, (€)® X, (€),
and thus, the corresponding g + §§ + ¢ satisfies g% + g5 = f2,(75); that is,

T(xy + 9y +yi +y1) € graph(fa,).
This completes the proof of the lemma. O
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Define a map f,, from X5 (3e) to X (€) @ X5, (€) by

for(91) = vt + i
Lemma 4.3 shows that this map is well defined.
Clearly, by Lemma 3.3, we have

Lemma 4.4. f,,(0) =0 and Lip (fz,) < Aip, where 0 < A < Ap < 1.

We now study the continuity of the fibers with respect to the base point x.
Let p, = my, + 2 + 25 € @(X“(e) @ X“(e)), forn =0,1,2,..., and suppose
T, — xo as n — oo. Consider a sequence of stable fibers

fa, 2 X5, (3€) = X35, () ® X7, (e).
Definition. f,, is said to be convergent to fz, as n — oo if for any y;, € X, (3¢)
satisfying
Tn + Y, — To + Y5,
then @, + y2 + fu, (Y2) — xo + Y + fuo (Ud) as n — oo.
We denote this by
fen, — [z, a8 — 00.

Definition. f,, is said to be uniformly convergent to f,, if for any x > 0, there
exists an integer N > 0 such that for all n > N, if y5 € X, (3¢) and y;, =
(115, Xf»nn)’lyg € X, (3¢), then

|20 + 5 + o (W) — (T + 45 + foo(U5))] < K-

Remark. The above definition of convergence is equivalent to saying that for any
sequence y,, € X, (3¢) satisfying |7, — y5| — 0, where g, = 1II;, v;, then

(g ® I050) fa (y) — fro (U5)-

Let ,, = my, + a2 + a5, € O(X"(e) ® X*(¢)) with T" (z,,) € O(X"“(€) ® X*(e))
forn=0,1,2,..., and &, — 9. Denote Z,, = T"*(x,,) = m, + % + &¢. Consider
a sequence of stable fibers f; with base point Z,. By Lemma 4.3, for each n, there
exists a unique stable fiber f,, such that

T (2 + yjy + fr. () € graph (fz,).

Note that &, — Tg as n — oco. Then, we have

Lemma 4.5. (i) If fz, converges to fz,, then fm converges to fxo;

(ii) If fz, converges uniformly to fz,, then fm converges uniformly to f~x0.

Proof. Let y; € X5, (3¢). Suppose that x, +y; — xo + y§ as n — oo. We shall
show

T+ Yo+ fon () = @0 + Y5 + fuo (45).
For each n, by Lemma 4.3, we write
(4.13) T (an +y5 + fo (07)) = T+ G5+ 05+ G
Note that gy + 75, = fz, ()
Let fo, (y2) =yt +yS. For 7 € [0, 1], we denote

(4.14) bo(T) = T(Tn +yp +yn +y5) + (1= 7)(T0 + Y5 + Y5 + ¥5)-
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A simple computation gives
[0n(T) — mo| < Ce, |T™ (mg) — mg| < Ce,
where C' is a positive constant. Thus, from (4.13), we obtain for o = u, s, ¢,
3, (G + U5+ 95) — 06
=103, (& + G+ G+ T — (Fo + 56 + 55 + 56) + Fo — @) )
=103, (0 = Fn) + 55, (T (20 + v + fo (42))
(4.15) =T (w0 +y5 + fm(yé)))
=113, (Zo — Zn)
1
I, [ DT (00(0) (o0 — 0+ =0+ o (02) = o))
0

= I, + (113, DT" (mg) + O(€)) Jn,

where mo = T (my), I, is a quantity which approaches zero as n — oo, and
Jn =100 yn — v + 115,47 — G-

We want to show J,, — 0 as n — oo.

For a # o', where «a, @’ = u, s, ¢, we have

I3, g5 | = (15, — 103, g |
< 36||Hm0 —1II3 || — 0as n — oo.
Hence, by (4.15) we obtain
(4.16) M2, 5 — 56 = fu + (103, DT (m0) + O(€)) Ju

where fn — 0 asn — oo.
Let o = s in (4.16) and we estimate

(4.17) ITL G5l < Hnl + O(€)] Jul.
Again, from (4.15) it follows that

odn —

T U — 96 + T, 0 — G
> |15, DT (mo) (I3, v — yi) + 115, DT (mo) (Lo yy, — 46)]

= L] = O(e)|Jn]
(4.18) = |DT" (mo) (1L}, v — y) + DT (mo) (117, v, — )|
= 1] = O(€)| Jn]

Y

1 u o, u c c c T
5|H oYn = Yo + 15, v5 — w6l — [In| = O(€)|Jn]
(——0 ()| In] = L,

where Lemma 3.4 and Lemma 3.5 are used.
Let g% + 95 = fz, (( s Ixs )71178 , which is well defined for large n. Since
f#,, — fz,, we have

(4.19) 103, Un — 9o and 1%, 77 — 4o

as 1 — OQ.
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From (4.18), by using (4.17), we have for large n
(€1 = 0(&)|Jn] = n]
< M5, (G = 4n) + 105, (9, — 42
+ M5, U — 90|+ 15,97 — ol
< T 1 1T, (D19, — (I,
+ M5, U — 90|+ 15,97, — gl
< C({In| + O() [ Jn]) + 5,75 — G| + 15,57, — 551,

where C' is a positive constant depending only on projections.

Therefore, if €* is sufficiently small, J, — 0 as n — oo, which then implies
fa, = fzo- The uniform convergence follows from the same estimate (4.20). This
completes the proof of the lemma. O

(4.20) )15

X3

mn

This lemma is the key to showing the continuity of the stable foliation with
respect to base point in M.

The next lemma is needed to establish the fact that the semiflow induces a graph
transform which is a contraction on I'}*.

We first define a norm for a stable fiber as follows

S
el = sup  HelDl
y €XE (3¢) |y
y°#£0

It is easy to see that I'?° is complete under the norm

I|FIl = sup{][|fzl| : fo€ F}.

For 21 € ©(X"(e) ® X*(¢)) with T" (z1) € O(X"(e) ® X*(e)), let zp = T" (21).
Given any two stable fibers at xo,

fl)27 gl)27

by Lemma 4.3, there exists two corresponding fibers fxl and §,,, which satisfy (4.1).
Furthermore, we have

Lemma 4.6. There exists € > 0 such that if 0 < e < €*, then

”fm - gm” < >‘1||fz2 - gmz”
where A < A\ < 1.

Proof. For any y; € X (3¢), by Lemma 4.3, there exist y5, 75 such that

(4.21) T (21 + 95 + for, W) = @2 + 15 + fou (43),
and
(4.22) T (x1 + Y5 + Jay (U7)) = 22 + G2 + Gau (75)-
Let

Y+ yf = fou (45),
Yy + s = far(¥3),
ng + g; = Gz, (?j;)
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Then, from (4.21) and (4.22) it follows that

(92 + 95 +935) = (5 + 95 +43)
(423) = DT (1) (3s () — For(8) + O(E) i () — For ().
Applying the projection II5, ) to (4.23), we obtain

75— y3 =TI, DT™ (m1) (o, (3) — for ()

(4.24) +0()|a (47) = fur (1)1,
Let o = s in (4.24), then,
(4.25) 75— 5 = 0()| G (13) — fur (W})I-

On the other hand, from (4.24), by using (4.25), we obtain

|gx2(y§) - f:c2(yzg)|
2 1922 (73) = fao (Y3)| = 1922 (95) — g (y3)|
> |93 — yal + |93 — y3| — w93 — 3
> [, DT (ma) (g — yi)| + [T, DT (ma) (55 — )|
(4.26) — O(6)|G, (U3) = Fir (W)
From (4.21) it follows that
ys =115, DT (m1) (y5 + for (u5)) + O(e) (|y5] + For (45))

which implies

llyil+ O(e) w3l
Therefore, by (4.26) together with Lemma 3.5, we obtain

Xs

m m1

ly3| < [T, DT (my)

192, () = Fos W] _ 192 (05) = Fia (05)]
|5 - lys|
provided that ¢* is sufficiently small. Thus,

G2y — ]E:m” < Aillgay = fall-
This completes the proof of the lemma. O

)

Proof of Proposition 4.2. By Lemma 4.3, for F' € I'?°, we may define a family of
stable fibers

F= { foiz € WT(e)}
which satisfies
T" (graph (f;)) - graph(thl(x)),
and so induces a graph transform
Fo(F) = F.

Clearly, such F is unique. To complete the proof, we must show that F € re.
It is enough to show that f, is uniformly continuous in z. Since f, is uniformly
continuous in x, by using Lemma 4.5, we obtain that fx is uniformly continuous in
x. This completes the proof. O
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We now have the graph transform F*° defined on I'!*. It follows from Lemma
4.6 that F*° is a contraction, hence, it has a unique fixed point

s — {f;s e WCS(E)}.
The next result shows that each fiber lies on the center-stable manifold W (€).
Proposition 4.7. For each x € W (€), graph (%) C W (€).
Proof. For any xo € W (e), let
zp = (T™)"(x0).
Note that zj € W (e). We write
T = my + ) + 2},

where zff € Xy, (¢), for a = u, s.
Let y5, € Xp,,(3¢), for i = 1,2. From the invariance of F'**, there exist yj ; €
X7, (3¢€) such that for i = 1,2

k
T (zo + Yot fjj(ygz)) =xk +Yri + faor (Uri)-
An elementary computation gives
(4.27) 2 = vial S Alygo — 96| for all k> 1

provided that €* is sufficiently small. Therefore, Theorem A (2) completes the proof
of the proposition. O

The next lemma gives a geometric description of F'** in terms of cones. For
xo € We(e), let @y, = T* (x0) for k > 1. Write x, as

T = my + Ty + T},
where my, € M, zft € Xy, (€) for a = u,s. Then,
Proposition 4.8. For y§ € X, (3¢), a = u,s,c, f32(y5) = vy + y6 if and only if
T (o + y§ + 5 +5) = 2 + Y+ yh +yk k2 1,
lyi| € X5, (3€), for a=u,s,c, and
lyie| + lyil < plyil-
Proof. Suppose that f5°(y5) = yi + yG5. The invariance of F** implies that
Y + Yk = fer (WR).
Hence, [yi| + |yi| < plyi| and [yg| < 3e.

Now we prove the converse. For each k > 0, since |y;| + |yi| < uly;|, we may
choose a stable fiber f,, such that

Yii + Yk = far (WR)-
Repeatedly using Lemma 4.3, we obtain a sequence of stable fibers, all depending
upon k,

kafla' . 7f2?o
such that for 1 < j <k,
Ttl (graph(ij—l)) - Ttl (graph(ij)),
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and fz;(y;) = yj +y5. By using Lemma 4.6, we have

196 + 96 — fzo o)

= 2o (6) — f2o WOl < 14511 oo — 25

< yg Al for = f22 < lwg ATl fo = £33

< 2ulyINE = 0 as k — oo,
which yields
Yo + Y6 = Iao (W0)-
This completes the proof. O
For xg, o € W (e), write

xo = mo + xy + x5 = To + Yo + Yo + o,

To =m0+ 25 +25 =20+ Y5 + Y5+ Y6,

where
xg € Xp, (€), 25 € X3, (¢) for a = u, s,
Yo € X, and g5 € X5 for a = u, s, c.
Then,

Proposition 4.9. If y§ € X (3¢) and g§ € X2 (3¢) for a = u,s,¢c, then yi +
Y6 = Jfao (y5) if and only if G5 + 45 = f35(45)-
Proof. 1t is enough to show that if y¢ + y§ = f35(y5), then gg + 46 = f53(75)-

For k> 1 let

xp = TH (20) = my, + 2 + 2§,

Fp =T (Zo) = g + & + 1.
Note that xff € X7 (€) and I € X, () for a = u,s. We write 7, as
(4.28) Ty =z + Yy + Yp + Yk

It follows from the invariance of F*° that

(4.29) Yk +yk = J2, (WR)-
Let
(4.30) Tp = T + P + Ui+ Y-

Add (4.28) to (4.30) to obtain
U +uk + 0+ yk + 0k +yp = 0.
Applying the projection I, to the above identity, we have for a = u, s, ¢

(4.31) U = =105, (i +yi + yi)-



INVARIANT FOLIATIONS 4659

Note that |my — mg| < 9e. Let a = s in (4.31). Then, using (4.27), (4.29), we
obtain

1Tkl < lyrl + O (lyk | + lyil + vil)

< (14 0()lyil
< /\k(1+0(6))|yf|
< 3e

provided that ¢ is sufficiently small.
Let o = u,c in (4.31). We have

1Tk | < lyr |+ O(e)(lyi | + lygl + lygl)

< (14 0(e)) lyil
<€

provided that e is sufficiently small since p < % Hence, |75| < 3¢ for a = u, s, c.
To prove ¢ + 76 = f5:(¥5), by Proposition 4.8, it is sufficient to prove

|9k |+ 195] < plgl-
From (4.31), we obtain for k > 1,
|9k + 1] < lyg] + lyil + O(e) |y ]
(4.32) < (Mg +0(9) |wil,
where Lemma 4.4 is used. Again, from (4.31) we obtain
1 > (1= 0()) Iyl
Therefore, (4.32) yields

7 < )\1M+O( )

~5

provided that e is sufficiently small. This completes the proof of the proposition. [

Proposition 4.10. For xo = mg + xf§ + xj € W (€), there exists a unique y§ €
X, (3€) such that

zo +y5 + foo (o) =m e M
and o € graph(f5?).

Proof. We first prove the uniqueness. Suppose there exist y7,y5 € X, (3¢) such
that

w0 +y; + foo(yi) =m; € M, i=1,2.

Clearly, |mo —m;| < 9e. Write f3°(y;) = y;i* +yi. By Lemma 3.2, we have
YT —y5 — (m1 —ma)| < O(e1)[ma — ma|

and since f;* is Lipschitz

O(e1)[ma — my|

O(ex)lyi — w3l

By choosing €; small enough, we have y7 = y3, which implies mq = mao.

ly; —y5] <
<
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Suppose that there exists y5 € X, (3€) such that o +y5 + f55(y5) = m € M.
Write

xo =m+y® +y" +y°.
Applying Lemma 3.2 to m and xg, we obtain
ly® — (mo —m)| < O(e1)|mo — m,

which gives

[mo —m| < (14 O(e1))ly°]-
For a = u, s, we have

ly| < OCen)lyel + (T3, | x )~ 15 |
< O(e1)e+ (1+0(e))e < 2e,

provided €; and e are sufficiently small.
Note that y° +y" +y° = —(y + f25 (43)) = —(¥§ + & + ¥§)- Thus,

vl = 5 (w5 + yo + vo)l
< O(e)(lyol® + lyg | + lvsl) + w6l
< O(e)e + € < 3¢,

provided that ¢ is sufficiently small.
It follows from Proposition 4.9 that

y iy =)
Finally, we show the existence of y;.
For y* € X, (3¢). We write f3%(y°) = y" + y© and
zo+y" + [0 (y°) =m+y" + 77,
where §* € X2 (1) for o = u, s, by Lemma 3.6. Note that |[m — mg| < r. Here €;

and r are given in Section 3. Thus, from the choice of 7, % = (II¢|xa )~1g® is

well defined. - mo
Define a map & : X3, (3¢) — X, by
€)=y -7
Applying Lemma 3.2 to m + §° + §* and mg, we obtain

ly® = (m —mo)| < O(exr)|m — mol,
which implies
Im —mo| < (14 O(e1))|y°|
< pu(1+0(er))ly’|
<k¢
provided ¢; is sufficiently small. For a = u, s, we have
7% = (y* +26)| < O(en)ly“],
and hence,
[9%| < 5e,
provided that ¢; is small enough. In particular,
57° —v°| < [a5] 4+ Oler)|y®] < 3e.

So ¢ maps X3, (3¢) into X, (3e).
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Next, we show that & is a contraction. For yi € X3, (3¢), i = 1,2, let
zo +y; + o0 (yi) = mi + 9 + U7
and
g = (Hmi|X,3LO)_1g§’ for a = u,s.

By Lemma 3.2, we have
vy — w5 — (U7 — )+ vt —ys — (7 — 3)]
(4.33) < O(en)|yf — yal + O() (|97 — w31 + |91 — ¥z 1),
which gives
77 = 5| + |91 — ¥z
< O(e)lyf — sl + (1 +0(€)) (lyi — w3l + v — w31)-
Hence, from (4.33) and the Lipschitz condition, it follows that
€(y1) — €w3)l =lyi —v5 — (41 — 33)]
<(0(ex) +0()) Iy — w3
1
<_ s _ S
<5lvi —wsl,
provided that €; and e are sufficiently small.
Therefore, £ is a contraction map and has a unique fixed point yg, which yields,

75 = 0 and hence, §§ = 0. The fact that m + g € W (e) locally a Lipschitz graph
over X5, & X, implies that gy = 0. Thus, m = x¢ + y§ + f2°(y5). The proof is

m? x

complete. O
Proposition 4.11. For each xg € W (e), there exists a unique m € M such that
zo € graph(fy;).

Proof. Proposition 4.10 gives the existence of m. Suppose that there exist mq, mo €
M such that

xo € graph(f)), 1=1,2.

Then o = m; +y; + f, (v7), i = 1,2, where yi € X;,,(3¢€).
Let yi +y§ = for.(y7). Note that |mg —m;| < 6e. Applying Lemma 3.2 to xg
and m;, we obtain

97 < O(er)e + (1 + O(e)) 2| < 2,

provided €; and e are sufficiently small. Therefore, |y¥| < 3¢ for a = u, s, and c.
Let

m; = o+ ¥ + Ui + Ui
where g € X7 . Then,
Ui U Uy i =0
Thus, for a = u, s, ¢,
193] = O()(lyi'l + [y + |yil) + 5] < 3e

provided ¢ is small enough.
By Proposition 4.9, mi,ma € graph(f;?), hence m; = my from Proposition
4.10. The proof is complete. O
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From this proposition, we may define a projection from W¢e(e) to M by
P?(zg) = m.

Lemma 4.12. P® is continuous.

Proof. Suppose this is not true. Then there exist a constant ¢ and a sequence
Tn =M + 25, + [0 (27),

where x;, € X}, (3¢), such that z,, — xo, but

|m, — mg| > ¢ >0,

where mo = P*(x). Since M is compact, we may assume m,, — mo € M. Write

Tp =Moo+ Tp + T + Ty,

e o) [e3% 3 o Ss 7Uu +C —
Then 7, — I§ € Xz, asn — oo. From the continuity of f7°, we have 7y + 7§ =

2 (Z), a contradiction to Proposition 4.10. The proof is complete. O
Proposition 4.13. Forallm € M andt > 0, T*(graph(f5$))NO (X *“(e)®X*(€)) C
graph(f33,.).

Proof. For possibly much smaller e and = € graph(f3%), we write
zpi=THz) =y + T + T} + 2

where T} + ¢ = f2° (7). The reason we may need smaller € here is to guarantee
that x; can be written in the above form.
Let my = T*(m). We also write

Ty =my +x + ) + xf,
where z € X for a = u, s, and c.

Note that, because of the invariance under 7%, the two representations coincide
for integer multiples of ¢1; that is,

Ty, = Tty
for all integers k > 0 and o = w, s, and ¢. Thus,
(4.34) ke, | + |25, | < pelgy, |-
It is easy to see that it is enough to show that
(4.35) my = my for t € (0,t).

We prove this by a contradiction. Suppose (4.35) does not hold. Then, there exists
ta € (0,t1) such that

mt2 7é th .

Since T is a diffeomorphism from M onto M, mys, 14, 7 Mkt +1, for all integers
k> 0.
By (4.27), we have

1Zhe, | < 3\te.
For k so large that zy,, is sufficiently close to my,, we obtain
Tkt 1o — Mkt +15 |
= [T" (xke,) — T (Mgt )|
< Clwge, — mar, | < CAYe,
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where C' depends on to. Here the fact that Mpt, = Mpe, 1S used.
Hence,

|x%t1+t2| < C_'/\]fe.

Choose kg so large that C)\]foe < €. From Proposition 4.8, there exists k1 > kg such
that

(4.36) |1 Zhets 10| T |Thoty 10| > BITEE, 11|

for all integers k > k.
On the other hand, since T?1 2 satisfies (2.1) and (2.2), using Lemma 3.3 and
(4.36), we obtain

|x%k1+2)t1| + |x€k1+2)t1| > M|xfk1+2)t1 B
which contradicts (4.34). This completes the proof. O
Proposition 4.14. (i) For xz,y € W3%(e), we have
T (z) = T"(y)] — 0
exponentially as t — +oo. (i) For x € W32 (e), m € M, and m # m, we have
(o) _ Tt
Th@) ~T'm)|
[T () = T*(m)]

exponentially as t — +00.

Proof. For x = m+a“+x°+a° € WS (e), from the invariance of the stable foliation
for T*, we can write

TH (2) = my, + 2}t + 2 + 2§

88

where my = TH1(m), zf € X3 for a = u,s,c, and z} + xf = fi (x}) with

|z5| < 3e. It follows from (4.27) that

(4.37) lz| < Af|z®| for all k >0,

which together with |z}| + |xf| < pla}| gives

(4.38) |75 (2) = T (m)| = |t + af + 23] < (1+ p)Af]a’].

For each t > t1, we write t = kt1 + t2 for some k > 0 and ¢ € [0,¢1). By using
(4.38) and Proposition 4.13, we have

T @) — T (m)|
[T (7 ) — T (7% )|
< Be(1+ p)Ay < Ce,
where w = —(In A;)/t; > 0, and C = 3e(1 + p)e¥™2. This completes the proof of

(i).
Since M is compact and T is a diffeomorphism from M onto M, for a given €;
there are 0 < r1 < 7o such that B(m,r;),i = 1,2, are n—neighborhoods satisfying

(4.39) M N B(T"(m),r1) C T (M N B(m,r2)),

(4.40) T" (M N B(m,r1)) € M NB(T"(m),r2),
and such that Lemma 3.2 can be applied to these n—neighborhoods.
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For m € M, denote my = Tk1i(m) for k = 0,1,---. Suppose that Mg, €
B(mygy1,71) which is an n—neighborhood of my. For i = k — 1, k, we write
m; :mz-l—if;f—l—ff-i-{ff

Because of (4.39), we can apply Lemma 3.2 to obtain, for i = k — 1, k,

(4.41) [mi —m;| < Clz7]
and
(4.42) |Z¢| + |77 | < Cer|zi].
Thus, by choosing €; and €* sufficiently small, we obtain
S xs
(4.43) |9_c’§| <\ |_’j‘1|.
|75 |75

By using (4.41), (4.42) and |z} + z§| < plxf| and choosing €; small enough, we
obtain for i =k — 1,k
Vlag| _ i i +af| |2

4.44 .
(4.44) RS Ee

For each k > 0, we consider two cases:
Case 1: m; € B(m;,r1) foralli=0,1,--- k.
Case 2: Thereis a 0 < ko < k+1 such that m; ¢ B(m;,r1) fori =ko+1, -k,
but My, € B(mk,,T1)-
For Case 1, it follows from (4.43) and (4.44) that
| T* (2) — T* (m)|
(TR () — 7% (m)
|z

2] _ 120+ e

|Z<| m—m

(4.45) <2
|z

For Case 2, again from (4.43) and (4.44), by using (4.37), we obtain
|75 () — T (m)
[T+ (m) — T+ (m))]

77| |27 |

|75, |

[0 (2) — 70 (m)

[T () — T ()

< 12(1 + p)e

™

< 2AF

< 2kl < op\hho

|75

< 4)\k—ho

(4.46) PL
Combining (4.45) and (4.46) gives for all k£ > 0
[T () = T (m)| . 12(1 + pe
|T*t (m) — Tk (m)| — min{ri,m —m}
which together with the fact that inf{|T*(m) — T*(m)|: 0 <t <t;1} > 0 yields
T (z) = T"(m)|
[T (m) — T*(m)|
Hence, using statement (i) in this proposition, we obtain (ii). This completes the
proof. O

k
)‘17

— 0, exponentially as t — oo.
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Combining all propositions together, we obtain Theorem 4.1.

5. C'! SMOOTHNESS OF THE STABLE FOLIATION

In this section, we prove the smoothness of f3°(y®) in y*. We take the approach
used in [BLZ1]. The basic idea is to find a candidate for the tangent bundle of
the stable fiber, which is invariant under the linearization DT, then to prove it is
tangent to the stable fiber. The arguments are based on the idea of Lipschitz jets,
as in [HPS], but with a Lipschitz jet space which is different from that introduced
in [HPS].

Let Y and Z be Banach spaces. For yp € Y and zg € Z, consider two local maps

gi:Ui_)Za gi(yO):Zm i:172a

where U; is a neighborhood of .
Define

d(gr, g) = Tim 191(y) = 92(y)]
’ v=vo |y —yol
We shall see that d(g1,g2) defines a metric on a certain quotient space.

If d(g1,g2) = 0, we say that g1 is equivalent to go. The equivalence class of all
local maps equivalent to g; is called the Lipschitz jet of g1 at o, which is denoted
by j1 = [g1]. We use J(Y, Z;yo, z0) to denote the set of all jets at yo carrying yo to
z0. For j1,j2 € J(Y, Z.yo, 20), we define

——191(y) — g2(y)|

L

where g1 and go are representatives of j; and jo, respectively. It is not hard to see
that d(j1, j2) does not depend on the choices of the representatives.
Consider the jet spaces

7= {5 € I, Ziyo,20) G [z0]) < oo},
J¢ = { j € J": j has a representative which is continuous
in a neighborhood of yo},
Jd = { j € J®: j has a differentiable representative},
J* = {j € J®: j has an affine representative}.

Theorem on Lipschitz Jets. Let yo = 0, zo = 0. Then J® is a Banach space
with norm ||j|| = d(4,0). The sets J¢, J% and J* are closed subspaces of J* and
JPDJ D =T
The above results are borrowed from [HPS].
For each m € M, set

Jb(m) = JP(XE,, XE,;0,0),
Jeé(m) = J¢(X2,, X5;0,0),
JU(m) = I (X5, X;1,30,0),
J(m) = J*(X5, X5, 0,0)
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Let p € (1,2) be such that § = pup < %. For each fixed m € M, we define a

Lipschitz jet space
Jp(m) = J5(X;,, X;,;0,0)

to be the space of jets which have a representative with Lipschitz constant 6 in a
neighborhood of 0. Let Jj = JE(X*, X¢0,0) denote the Lipschitz jet bundle over
M with fiber J§(m).

Consider all maps from W (¢) to J& which map points z = m + 2° + f55(2*) to
jets j in J§(m).

Define

EZS’Z = {fy :We(e) — Jg with [|v]] < OO}
( )} Similarly, we may define Zzs’d and 2577
For x =m + a® + f35(2°) € W (e),
(5.1) T"(x) =2 =m+2° + f37(2°),

where &% € X £ (3¢) and m = T"*m.
We also write

where ||| = sup {[|v(x)]| : 2 € W** (e

from the invariance of F'**, we may write

@) = ot af
and
fE) = a4
Note that z* € X (¢) and 2% € X2 (¢) for a = u,c.

Let ¥ € EZS’Z be fixed and let §: X5 (7) — X be a Lipschitz representative of
A(Z) such that for y5,vy5 € X2 (7),

(5.2) 19(y7) — 9(w3)| < Olyt — 51,
where 7 is a positive constant.

We shall construct v € 25%° such that 7 is the image of v under DT* in a
certain sense, which will be stated precisely, later. For a given g satisfying the
above properties, we want to find a Lipschitz map g : X3, (r) — X, for some r > 0
such that for each y® € X3, (r), there exists y° € X3 (7) satisfying
(5.3) DT" (z)(y" +y° +9(y") = 5" + 3"+ 3(7°),

where y* = Df;7 (%, 2°)(y", y°), y° = 9(y*), 9" = Df5 (2, 2°)(5°,5°), §° = 9(5°),
and f<¢ is the C'! local representative of W (e) defined on X&, (p~ter)® X3, (p  e1)
with Lipschitz constant 0, and f5° is similar. To see this, for y° € X7, (r), we define

amap E: X¢ (r) — X, for some small r > 0, by
E(y) = (105,07 (@)]x; )~ (§(115, DT" (2) (" + y° + 7)) )
(5.4) ~ 105, DT (@) (4" + 7))

where y* = Df28(x®, x°)(y®, y°).
We shall see that E is a contraction and its fixed point gives a solution of (5.3).

Lemma 5.2. There exists € > 0 such that for ¢ < €* if x = m + 2° + f35(2°) €
Wes(e) and g satisfies (5.2), then there exists v* = r*(7) > 0 such that for r < r*,

E is a contraction on X¢&,(r).
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Proof. We first show that E is well defined from X¢ (r) into itself. Observe that
for y* € X2 (r), a = u, s,c,

1%, DT" (z)(y* + y* + )| < Cr < 7

provided that r* < 7/C. Thus, g(II$,DT" (z)(y" + y* + y°)) is well defined.
From Lemma 3.5, (II,DT" (z)|xc )~" exists. Hence, E(y°) is well defined for
y© € X¢e (r).
Next, we show |E(y°)| < r. Using (5.2) and Lemma 3.5, we obtain
|E(y)| < (T3 DT ()] xg, )~ (O3, DT (2) (5" + y° + y°)]
+ [II5, DT () (y* + ™))

1115, DT ()], )~ [(O(e) + OIITL5, DT ()| x, [ )
(O(e) +0N)r < r

S Xs
<

provided that €¢* is sufficiently small. Here 0 < A < 1 and 0 < % are used.

Finally, we show that E is a contraction. For y§, ¢S € X& (r), from (5.2), (5.4)
and Lemma 3.5, we have

|E(y1) — E(ys)]
< |15, DT" ()

xe ) IO, DT (2) (' — v5 + 5 — y5)]
+ |15, DT () (yi — y3)1)
<O(e)(Jyt — w3 | + |yf —wsl)

1
< 0yt — w3l < Slvi — wal,
provided that €* is sufficiently small. This completes the proof.

O

By the contraction mapping theorem, we obtain that for each y®* € X3 (r), E
has a unique fixed point y¢ € X¢, (1), which defines a map from X3, (r) to X¢ (r).
We denote it by y¢ = g(y®). Clearly, g satisfies (5.3). Furthermore, this function is

a Lipschitz function with the Lipschitz constant 6.

Lemma 5.3. There exists €* > 0 such that for e < €* if x € W (e), then for
yisys € X5(r),
(5.5) lg(yi) —g(w3)| < Oly7 —y5l.
Proof. From the definition of g, using Lemma 3.5, it follows that

lg(yi) — 9(y3)l

< [[(I5, DT () | x )~ IO, DT™ (@) (i — w5 +yi — w3 + i — w5)]

+ 5 DT () (v — w3 + i — v3)])

< O(O)yr — sl + (O(e) + OA)[yi — w3l

which implies that

S S c (& 0(6)+9A s S S S
l9(y) = 9(wa)l = i = vl = =5 lvi — vl < Olyr = val

by choosing €* small enough. The proof is complete. O
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Next, we want to show that the jet equivalence class [g] does not depend on the
choice of § € 4(Z). Let h be another Lipschitz representative of 4(Z) satisfying

Ih(57) = h(G3)] < 0137 — 75|
for g5,95 € X5 (7o), where 7y is a positive constant. In the same way as above,
define h : X3, (ro) — X5, (r0).
Lemma 5.4. [¢g] = [h].

c

yi =9"), vz = h(y®).

We want to show that

l9(y*) — h(y®)|
ly°|

Note that from [§] = [h], [§(7°) — h(5°)| = o(|7°|) as §* — 0. From the definition

of g and h, by Lemma 3.5, we obtain

lyi — w5l < O(e)(|lyi — ) + o(|TL5, DT™ () (v + v + yi)1),
which, together with |y$| < 0|y*| and |y} | < 0(|y®| + |y§|), implies that

Ilg] = [A]ll = Timy:—o =0.

lyT — 5| = o(ly°])-
The proof is complete. O

Thus, for each given 7 € Z;S’e one may define v € EZS’Z by v(z) = [g]-
The following summarizes what we have so far:

Proposition 5.5. There exists €* such that if € < €*, then for each 7 € E;S’é, there
exists a unique y € 2;3,@ such that DT* maps v to 7 in the sense that (5.3) holds.

Define
F() =
We claim
Lemma 5.6. F is a contraction on E;S’é.
Proof. Let 41,72 € EZS’Z. For x = m + 2 + f35(x®), we again write
T (z) =2 =m+2° + f5(2°).

By Proposition 5.5, there exist Lipschitz functions ¢1,g2 : X35 (r) — X&,(r) such
that for i = 1,2,

(5.6) l9:(y7) — 9:(y2)| < Olyi — v5

and
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Let y¢ = ¢i(y®) and y = Dfes(x®, 2%)(y®, y¢) for ¢ = 1,2. From the definition of
g1 and go
91(y°) — 92(y°) = yi — 3
= (DT @)lxy) (30 (DT @)+ 97 +35)
— g2 (L5, DT (2)(y3 +y° +ys5)) — L5 DT (2) (vt — yé‘))

where g1 and §o are Lipschitz representatives of 41(Z) and 42(Z), respectively, at &
which satisfy (5.2). Using Lemma 3.5, we obtain

[y — w3l < |(I5, DT () x5, )~ QI DT (2) (yi' — w5 + wi — v5)]
+11g1] = [T DT () (v3 + ™ + w5)])
+o(IT5, DT (m)(y3 +y° + y3)) + O(e)lyi — v
Oyt — v5l + (A + 0()) 3] — [a21llly"| + o(ly*]),
where |y¢| < 0)y°|, |y¥| < 0(|y°| + |y§]), ¢ = 1,2 are used. Therefore,

08 = 981 < 3G ] il + oD

which yields

] = loall < 5] = el

Since 0 < A < 1, for A < A\; < 1, we may choose €* small enough so that for e < €*

A+ O(e)
—— L < A
-0 -~ ™
Thus,
(5.7) [F () = FG)ll < MllF — Fell-
This completes the proof. O

Our goal is to find a unique fixed point of F in EZS’Z. The difficulty here is that

2;3,@ may not be a complete space. On the other hand, from (5.7), we have
IF* () = FE ()l < ALl = Aell,
which yields that at each = m + x° + f35(x°) € W (e)
FE () (@)
is a Cauchy sequence in J¢(m). Since J¢(m) is a Banach space, we have
FF()() = r0()

where vo(x) € J¢(X3,, X5,;0,0). Clearly, the limit 7y is unique and does not depend

on the initial choice of v. We shall show that vy € E;S’Z.
For each x = m + 2° + f35(2°) € W (e), let

x4 af = [ (x).
Set
Ay") =105, (0 (" + %) = f()).
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Then, we have f1(0) = 0 and
[f1(y1) = [i(w2)] < Olyi — v3]
for y§,y5 € X5, (r) for some r > 0. Thus, f; induces v, € EZS’Z by
7(x) = [f1].
Lemma 5.7. F(y1) =71 and hence vo = 7.
Proof. For x = m + x° + f33(x°) € W (e), we write
T (2) =& =m+3° + f25(2°).
Let
F@s) = T, (f3 (9s + 7°) = f55(3°))

Let f be given by Lemma 5.2 through f. We want to show [f1] = [f]. For y* €
Xz (r) let

From the definition of f,
= (I, DT" ()| x, )~ (F (115, DT (2) (i + y° + 7))
(5.8) — 0I5, DT" (2) (g1’ +y°)),

where yi' = Dfes(x®, z¢)(y®,y°). On the other hand, from the invariance of {f3%},
there exists g° € X2 (7) such that

T (2 +y" +y° + [1(y") =T +§ +§° + [(7°)
where
= I (F3 (0 %) = 30 (@) = 0l + 0,0+ y) — Fi3 (e, a9),
= I (50 +3°) — [ (")),
By the Taylor expansion, we obtain
g'+ 9" +g° = DT (2)(y" +y +yi) +olly"| + [y°| + [ys)),

where §¢ = f(gjs)
Note that |y“| + |y§| < 0]y*®|. Hence,

7'+ + 7= DT (@)(y" +y" + 1) +o(ly’)
and for a = u, s, ¢,
=I5, DT () (y" +y° + y5) + o(ly°])-
In particular,
§¢ =I5, DT (2)(y" +y° + y5) + o(ly*)),
which yields

= (I, DT" ()| xe, )" (5° — TG, DT () (5" + y%)) + o(|y°])
= (15, DT" (2)|x5,) ' (F(5°) — L5 DT (2)(y" +4°)) +ol|y*))
= (II¢, DT“( ) o) T FIEDT  (2)(y" +y° + D))
— 05, DT (2)(y" + y°)) + o(ly"))-
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Using (5.8) and Lemma 3.5, we obtain
ly© =il < O(e)ly” = wil + o(ly”])-
Thus, by choosing €* small enough, we obtain

ly© — il < o(ly’|),

that is,
[f1(y®) = FW*)l < o(ly°))
and hence,
(Al =11
The uniqueness of the limit ~y implies 79 = 1. This completes the proof. O

We are now ready to show
Proposition 5.8. f35(y*) is C! in y* and D5 (y®) is uniformly continuous in m.

Proof. 1t is clear that from the definition of F, particularly the definition of E,
we have that if v € 3™, then F(y) € £3>". Since J%(m) = J%(m) is closed,
vo(z) = yo(m~+x*+ f55(2*)) € J*(m), where 7 is the limit of the Cauchy sequence
FF(v). Since 79 = 71 is unique, for x = m + x* + £23(z*), we have [f1] € J%(m),
that is, II, f55(y®) is differentiable at z®, which together with the fact that f< is
C? yields that f2° is differentiable.

Finally, we want to show that D f5f(x*) is continuous in «°. It is enough to show
that DIIS, f3°(2®) is continuous.

Let L(X*®, X¢) denote the vector bundle over W¢*(e) with fiber L(X3,, X)) on
Wes(e) N W25 (3e), where L(X3,, X¢,) is the Banach space of all bounded linear
operators from X, to X7,.

Define the space

A = {é :We(€) — L(X*®,X¢) is a C° section and ||¢|| < 9}
with the norm
el = sup {[[6(@)]] : w € W (e)}.

It is easy to check that A is a complete metric space. The space Aj® may be
regarded as a subset of E;S’e by identifying ¢ and [¢]. As in [BLZI], we have
F : Aj® — A}’ is a contraction and has a unique fixed point £ € A§®. The uniqueness
of ~o implies

Yo = [Z]a
which yields that Df; is continuous. The proof of the uniform continuity of

Df:5(y®) in m follows in the same fashion as in Lemma 4.5. The proof is com-
plete. [l

For m € M, define
Wiile) = {m+a® + f7(x°) € W(e) : |2°] < 3e},

i.e., W55(e) is the intersection of the center-stable manifold of size e and the stable
fiber at m.
The next result gives a geometric structure of the stable fibers.
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Proposition 5.9. Let Qn, = {z° € X, (3¢) : mo + 2° + fo (x°) € We(e)}.
Then Qm, is star-shaped.

Proof. For any z® € X2 with |2°| =1 and 7 € [0, 3¢], we write

mo

(5.9) mo + T + [ (Ta®) = m, + 11, ot + 115, 3,
where 2 € Xy, for a = u, s. It is enough to show that [II;, x7| is increasing in 7.
Computing the derivative of (5.9) with respect to 7, we have

2 + D33, (7a°)a = §° + DI, (5o

5.10 !

10 + DI, (9%)as + 105, v + 105, v,

where §¢ = % € X, and y® = % € X,y for a = u,s. Note that
1D S (T < g

Applying IT | II*

mo? mo?

and II5,  to (5.10), respectively, we have
Yy =2+ 0 +y" +v°),

ly*| < ple®[+ OO (5 + 7)),

and
5] < pl®[ + O(e)([y*] + [y°])-
Therefore,
y® =2 4+ O(e)z®.
Thus,

(I, a2) = DIT;, ()% + 1L, y°
=2+ O(e)a®
=1I;, a7 + O(e)ll;, a3

ms T
which yields, by using the Taylor expansion, that [II;, 2| is increasing in 7. The

proof is complete. O

Summarizing the results we have obtained so far, gives Theorem 2.2.

6. C! UNSTABLE FOLIATION

Generally, a few modifications are needed to extend our results in Sections 4
and 5 to the case of W (¢). Here we present an outline of these modifications.
The most significant differences are the definition of the graph transform and the
associated spaces. We shall leave the details to the interested reader.

Corresponding to the idea of stable fiber, we define the following;:

Definition. Let x = m + 2% + 2° € O(X%(¢) & X*®(€)). A map fr : X% (3e) —
X:.(e) @ X5 (e) is called an unstable fiber if

(1) f2(0) =0;
(2) f. is Lipschitz continuous with Lipschitz constant Lip(f,) < .
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We shall construct an unstable invariant foliation in the following space

e = {F = {fx}xem :fz is an unstable fiber and

is uniformly continuous in x}

In order to establish Theorem 2.3, we first construct an invariant foliation with
Lipschitz fibers, then show the fibers are C'! and uniformly continuous with respect
to base points. The outline of the approach is as follows: The first step is to
construct F € T for each F € T'** such that F is the image of F under the
time-t; map 7% in a certain sense. This defines a graph transform

F(F)=F.
In the case of the stable foliation, we constructed a preimage F of F' instead of the

image under T,
The next step is to show that F is a contraction in I'¢* under the norm

I[F][=sup |l
zeWeu(x)
where
Ja(y"
Ihll=  swp WO

yreXu(@a o 1YY

Thus, F has a unique fixed point F** = {f;“} eI'yv.

The third step is to establish properties analogous to those for the stable foliation.
The final step is to show that each unstable fiber f** is C' and continuous in
m.
Let us first look at how to construct F. Let & € ©(X"(e) ® X*(¢)) be such that
there exists x € O(X"(e) ® X*(¢)) satisfying & = T"* (). For a given unstable fiber

fo: X5 (3e) = X%(e) ® X<(e),
we first want to construct an unstable fiber fj at x such that

T" (graph(fs)) > graph(fz).
To do this, for each §* € X% (3¢), we define a map A from X} (3¢) to X by

Aly") = (I, DT () )~ (5% = T (T (@ + 4" + Loly™)) = ) + "
In the same fashion as for A in Lemma 4.3, one may show that there exists ¢* > 0
such that if € < €*, then A is a contraction from X% (3¢) into X (3¢), hence, has a
unique fixed point y* € X" (3¢). For a = u, s, ¢ let
g =T (T" (x4 y" + fo(y")) — &)

Note that g* = g*. Define

") =9"+y°
Then, f;c is an unstable fiber with Lipschitz constant Ajp. Let F' € T't“. For
Z € W*(e), by the negative invariance property of W€ (e), there exists a unique

x € W (e) such that T (z) = Z. The above discussion produces a unique unstable
fiber fz at & such that

T" (graph(f,)) O graph(f).
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Let F = {ﬁg (T € WC"(G)}. Thus, one may define a graph transform F from I'**
into itself by

F(F)=F.

Using a similar argument to that used in Lemma 4.6, one can show that F is a
contraction, hence has a unique fixed point F** € I'**. Propositions 4.7-4.11 carry
over with a little modification in the case of the unstable foliation. To show f&" is
C', we define

st = {’Y tWe(e) — JH(X™, X0,0) with [|y]| < OO}'

In order to show the smoothness of f/*, we need to find a candidate for the

tangent bundle of f}**, then to show it indeed is the tangent bundle. The approach
is the same as that for the smoothness of the center unstable manifold in [BLZI],
which is modified from the stable case. The significant difference is the graph
transform. For each v € EZ“’Z, we want to construct ¥ € E;“’Z such that ¥ is the
image of v under DT in a certain sense, defining a graph transform
Fy) =7
For each & = m + &% + 2° + 2° € W*"(e), where Z° + ¢ = f¥*(z"), by Theorem A,
there exists a unique point = m+ax*+2°+z°¢ € W (e), where 2° +2¢ = f¥(z*),
such that z = T*(z). For v € EZ“’Z, let g be a Lipschitz representative of v(x).
We want to construct a Lipschitz map
g+ X5(F) — X5,(7)
such that for §* € X% (7), there exists a unique y* € X (r) such that
DT (2)(y" +y° +9(y")) = 9" + 7"+ 9(5")

where,

y* = DS 2)(y", 9(y")),

g® = D&, ) (", 9(5"))-

To do this, for each §* € X% (7), we define a map E from X2 (r) to X} by

E(y") = (H“,‘;LDT“ (m) )71 (Q" — I, DT" () (y" + y° + g(z/‘))) +y*

u

where y* = D f&*(z*, z°) (y*, g(y")). In the same fashion as for E in Section 5, one

may show that for small r, E is well defined and a contraction from XY (r) into
X (r). Thus, E has a unique fixed point y*. Let

¢ =15 DT" (z)(y" +y° + 9(y"))-
Define
g©=g(y").
Then, g satisfies the desired conditions. Thus, one can define 4 by
y(E) = [g]
The induced graph transform is given by
Fy) =7

The remaining arguments follow in the same way as those in Section 5.
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